u = velocity component along x-co-ordinate

U = dimensionless velocity component defined in Equa-
tion (3)

U = velocity component outside the boundary layer

U, = dimensionless velocity component defined in Equa-
tion (3)

Us = velocity of free stream

Wi = Weissenberg number defined by Equations (4) and
(39)

x = distance along the curved surface

x = dimensionless distance defined in Equation (3)

y = distance normal to the curved surface

Y1 = dimensionless distance defined in Equation (3)

Greek Letters

arp = ratio of the thermal boundary layer thickness to the
momentum boundary layer thickness for pure forced
convection

ay = ratio of the thermal boundary layer thickness to the
momentum boundary layer thickness for pure free
convection

B = expansion coefficient of the fluid

8 = momentum boundary layer thickness

8, = dimensionless momentum boundary layer thickness

defined in Equation (3)
8 = thermal boundary layer thickness

dry = dimensionless thermal boundary layer thickness de-
fined in Equation (3)

n = similarity variable defined in Equation (9)

Ir = similarity variable defined in Equation (9)

g = dimensionless temperature difference defined in
Equation (3)

I = viscosity of the second order fluid

p = density of the fluid

LITERATURE CITED

Churchill, $. W., “A Comprehensive Correlating Equation for Lami-
nar, Assisting, Forced and Free Convection,” AIChE J., 23, 10
(1977).

Ruckenstein, E., “Interpolating Equations between Two Limiting
Cases for the Heat Transfer Coefficient,” AICAE J., 24, 940 (1978).

Schlichting, H., Boundary Layer Theory, p. 158, McGraw Hill, N.Y.
(1968).

Shenoy, A. V., “A Correlating Equation for Combined Laminar Forced
and Free Convection Heat Transfer to Power-Law Fluids,” AIChE
J.. 26, 505 (1980).

Shenoy, A. V., and R. A. Mashelkar, “Laminar Natural Convection
Heat Transfer to a Viscoelastic Fluid,” Chem. Eng. Sci., 33, 769
(1978).

Squire, H. B., in Modern Developments in Fluid Dynamics, (S. Gold-
stein, Ed.) Oxford II, pp. 623-627 (1938).

Manuscript received August 13, 1979; revision received October 31, and accepted
November 2, 1979.

Exact Solution of a Model for Diffusion in Particles and
Longitudinal Dispersion in Packed Beds

The problem of mass and heat transfer during flow through a
packed bed has numerous applications in the chemical process
industries. Theoretical studies of longitudinal dispersion, of
either thermal energy or component concentration, in fixed-bed
systems are readily available in the literature, and the analogy
between heat conduction and component diffusion renders the
analyses interchangeable. The following set of equations, which
go back to the work by Deisler and Wilhelm (1953), has been
employed by several authors

aC aC 8°C 1 (3§

at w  Daz m ( at) 1)
dq; _ (a’q,- 2 aq,.)
s D\G2t T @

The terms in the first equation stand for accumulation in the
fiuid phase, convective transport, transport by axial dispersion
and volume-averaged accumulation in the spherical porous par-
ticles. In the second equation, the terms give accumulation in
the particles and radial diffusion respectively. The assumptions
leading to these equations have been discussed by Babcock et al.
(1966) and by Pellett (1966). The boundary conditions com-
monly used are
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co,t)=¢C, @)
C(o, t) =0 4)
Clz, 0) =0 ®)

qi(0, z, t) # » (6)

~ = : 66 _ 3kf< _ qs>
qib, z, t) = gs(z, t) given by - =5 C -
(7

qir, 2,00 =0 (8)

The boundary condition (7) is the link between E quations (1) and
(2). It states mathematically that the mass entering or leaving the
particles must equal the flow of mass transported across a stag-
nant fluid film at the external surface.

For the case with no dispersion (D, = 0), aclassical solution of
Equations (1) and (2) subject to the boundary conditions (3)-(8)
was given by Rosen (1952) in terms of an infinite integral.
Babcock et al. (1966) and Pellett (1966) have presented analytical
solutions for the case including dispersion. Approximate so-
lutions have been given by Radeke et al. (1976).

The solution of Babcock et al. (1966) was found to be in error
for D, > 0. For short times, values of C/C,, are predicted that are
independent of time (Figure 1). It is to be shown below that
Babcock’s solution is actually a limiting solution for low values of
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Dy. For D, = 0 the solution is identical to that given by Rosen
(1952). The solution of Pellett (1966) is an infinite integral,
where the integrand is a function of two infinite sums. This
solution is difficult to evaluate in the general case. A solution was
therefore developed (Appendix) based on the work by Rosen,
where the infinite sums are given as explicit functions. The
numerical evaluation is thereby considerably simplified.

The simultaneous solution for Equations (1) and (2), with the
boundary conditions indicated, involves the following steps.
The details are presented in Appendlx

The solution of Equatlon (2) is available (Carslaw and Jaeger
1959, Rosen 1952) in a form that expresses the concentration
distribution within the solid particles as a function of the variable
surface concentration g4z, t). This expression is first averaged by
integration over the entire volume of the particle. 1t is then
dlﬁerentlaited with respect to time to yield an expression for
aq/at, the rate of change of average concentration within the
solid. The expression for 83/t is introduced into Equation (1)
and the Laplace transform with respect to time is taken, When
one makes use of the Faltung integral theorem, uses Equation
(7) in the Laplace domam to express the surface concentration
g5z, t)in terms of aq/ ot, expresses the result as the left hand side
of Equation (1), and substitutes the entire group back into the
transformed equation, an ordinary, second-order linear differ-
ential equation results. It has the transformed variable C as the
dependent variable. Solving the ordinary differential equation
and taking the inverse transform in the complex domain one
finally obtains

sin(a}@t _ g JENH y;(k)2 - (N ) _(_1% o

with
TN = 4&2 + oy (10)
vy = (g:z m)ll)L H, a1

H, and H, are complicated hyperbolic functions of A and »
HDI + V(le)l + le)z)

Bl ) = T3S, o+ (o, 42)
B =53 VH:;;JZ+ (vHp,)" )

Hjp, and Hp, are defined as
i) = N Sn —ezh) @

For small values of A Equations (14) and (15) simplify (for
A < 0.1 the relative error is less than 107%) to

424

Hp, = (16)
222

Hp, = -5 (7)

It follows that lim Hp, = 0 and lim Hp, = 0. For high values of A
A0 A0

Equations (14) and (15) simplify (for A > 5 the relative error is
less than 1073) to

Hp,=A-—1 (18)
Hpy,= A (19)
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Figure 1. Comparison of breakthrough curves. 1. This paper, I1. Babcock et
al. (1966).

It is interesting to note that in the case of a finite step boundary
condition

Cc',t)=2C, t<t, (20)
C0,t=0 t>t,
the Laplace transform becomes
'z, ) =(1 — e t,8) iz, s) 1)
and
u'(z, ) = u(z, t) —u(z, t —t,) Hit — t,) (22)

where H is Heaviside’s step function.
The following dimensionless quantities are introduced

& = %— bed length parameter
K . . . .
R = — distribution ratio
m
A’
Pe = 21 Peclet number
D,
y = ot contact time parameter

Equation (9) now becomes

u(zt=—é— —fexp(

\/\/(z +(z 2+ zzx’)

2..7\2 2, 7Y2 __ L2.1
sin(y)\2~\/\/(zx)+(;y) zx)_d)\i(zs)

with
2, 1
zx’ = Pe -4—Pe+8H1 (24)
2 \?
2 ': — —
2%y 8Pe(3 R + Hz) (25)

For hlgh values of Pe (D, — 0), disregarding all terms of order
1/Pe® and less, Equation (23) becomes

1 2
u(z, t) = 2—+ ;r—j;exp

~ & (4 M 4 NH, |
[SH‘+FZ(§_F+§_ R + HZ - H)] (26)
o _2{(2 AH, ] dh
sm[a’())\ SH, + 7 \5 = + Htz) -
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4
where 0=+t — 7

This is the solution Babcock et al. (1966) claimed to be exact,
but obviously a limiting solution for high values of Pe. Rdsen’s
(1952) solution for D, = 0 is obtained from Equation (26) by
letting Pe — o,

Another case, which could easily be obtained, is when the
component is subject to radioactive decay. We add —AsC and
—Agq; on the right-hand sides of Equations (1) and (2) respec-
tively, and modify the boundary condition (3)

C(0, t) = Ce™t (3a)

This boundary condition simulates a constant leach rate of a
body containing a decaying nuclide. For this case the Laplace
transform of C becomes a function of s + A4 instead of s. Hence,
due to the properties of the Laplace transform, the solution

becomes u(Ag> 0) = e*Myu(Ay = 0) 27)

Because of the complicated nature of the integral expression for
u(z, t), numerical integration must be performed. The integrand
is the product of an exponential decaying function and a periodic
sine function. The total function is thus a decaying sine wave, in
which both the period of oscillation and the degree of decay are
functions of the system parameters. Due to the very rapid
oscillation of the integrand for certain parameter values, a
straightforward integration method may fail. In some instances,
the magnitude of the integrand is not negligible, even after a
thousand oscillations of the wave.

Furthermore, with ordinary integration methods, one must
choose a step size which is small with respect to the wave length.
A special integration method was therefore developed, where
the oscillatory behavior of the integrand is utilized. The inte-
gration is performed over each half-period of the sine-wave,
respectively. The convergence of the alternating series obtained
is then accelerated by repeated averaging of the partial sums.
The solution was checked against the analytical solution of
Lapidus and Amundson (1952) for the case of negligible external
and internal diffusion resistance. The agreement was excellent.
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NOTATION

b = particle radius, m

o = concentration in fluid, mol/m®

C, = inlet concentration in fluid, mol/m?

D, = longitudinal dispersion coefficient, m?%s
D; = diffusivity in solid phase, m%s

H, = see Equation (12)

H, = see Equation (13)

Hp, = see Equation (14)

Hp, = see Equation (15)

K = volume equilibrium constant, m*m?
ks = mass transfer coefficient, m/s
m =¢€/l — €
Pe = zV/D,, Peclet number
(3 = volume averaged concentration in particles, mol/m?
qi = internal concentration in particles, mol/m®
gs = g; (b, z, t), mol/m®
R = K/m, distribution ratio
Ry = b/3k,, film resistance, s
r = radial distance from center of spherical particle, m
s = Laplace transform variable
t = time, s
u = C/C,, dimensionless concentration in fluid
\% = average linear pore velocity, m/s
x’ = see Equation (10), m™*
y = gt, contact time parameter
Page 688 July, 1980

= see Equation (11), m™?

= distance in flow direction, m

n o

Greek Letters

= 3D.K/b?, s™!

= yz/mV, bed length parameter
= porosity, m¥/m®

= variable of integration

a = decay constant of radionuclide, s™!

qR>>m »m2
I
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APPENDIX
Differential equations:
aC ac 82C 1 /o
—+V — -D = - — | =
at dz Lo m ( 6t> @
6q, ( azqi 2 Bq, )
L =p| —F+
ot ar? r ar @
Boundary conditions:
co,n==cC, 3)
Cl, ) =0 @
C(z 0) =0 )
g0, 2, t) ¥ = (6)
. 8 _ 3k ( qs)
(b, z, ) = g4z, LI - =
qib, z, ) = q(z, t) given by 3 p C X )
qir, z,0)=0 8

The boundary condition (7) is the linking equation between Equations
(1) and (2).

Carslaw and Jaeger (1959) solved Equation (2) for the special case of a
constant value of g,. By applying Duhamel’s theorem to the solution of
Carslaw and Jaeger, Rosen (1952) obtained an expression for q,(r, z, t)in
terms of the surface concentration g,(z, t)

qi(r3 Z, t) =
sin(apr)

2D, 3 {(—1)"“ o
n=1
t

fo Gs(z, Nexp[—Do%(t — A)] dk} 9)

r

where o, = nw/b.

The average concentration in the particles is given by
b

3
é‘(z, t) = W [ qilr, z, Hridr (10)
0

If Equations (9) and (10) are combined and the order of integration and
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summation is changed we get

G =
6D,

=l 5::1 { /ﬁ tqs(z, A) expl—D,ohit — N dx} {11)

Taking the derivative of c? with respect to time, integrating by parts and
making use of the fact that q,z, 0) = 0, we obtain
3§ 6D, i {
a b

n=1

99z, N) _
LT exp[—Dsa'z,.(t X)] dh} (12)

This expression for Bl?/ 8t is introduced into Equation (1) and the Laplace
transform with respect to time is taken

3 é 26
sC+V _‘3__ -D, ﬂ =
dz 9z
6D, & * 3g5(z, N) }
_ 80 B85 Y expl=Dyo(t — M1 d 13
- E L{fo — expl {t = N1 dr a3)

L is the Laplace transform operator.

The Laplace transform of the integral on the right-hand side of Equation
(13) may be evaluated with the Faltung integral theorem as L {f; 3 L {fa
where f; = dq4/8t and f; = exp [-D,ott]. Using the boundary condition
(7) and Equation (1), L {8q/0t} = sq, can be expressed as

. bm { - oC 8°C
G,=sK|C+ —{sC+V——-D )] 14
S =S [ 3k, (s ez {19)

and furthermore we have

1
Dokt = —— 15
L{expl 2t} P (15)
With these substitutions and the following notation
3D.K
‘y = T
R = b
AT
Yols) = 2 i :
o) = 7"=1 s + Dsol
Yp(s)
Yols) = e
) ReYols) + 1
Equation (13) becomes
2C aC Y -
PV (Yo,
dz? DL 8z DL mDL

Equation (16) may be treated as an ordinary, second-order, linear differ-
ential equation whose solution after applying the boundary conditions is

- 1
iz, 5) = C(z, $)/Co = —
s

\ V2 s Y{s) ) }
A+ S 17
EXP{( 2D, o T oot ) )

The desired result u(z, t) is given by the contour integral representing
the inverse transform of fi(z, )

u(z, t) = Clz, t)YC, =

(o-s) o [ "L exp Gt — 236)ds (18)
xp 2D, %) omi u—im?exp o
where
\& s Yx(s)
Hs) = —+ 19
Yiis) \/4DE+ p." mD, 19)
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The integration is to be performed along the straight line Re(s) = o
parallel to the imaginary axis. The real number ais chosen so thats = &
lies to the right of all the singularities of the integrand but is otherwise
arbitrary.

The infinite sum Y(s) (Rosen 1952) could be written as

Yo(s) = yiw cotw — 1) (20)

where
w = w(s) = ibls/Dg)t = i(2s/o)
o = 2D,/b?

The principle properties of the functions Yp(s) and Y{s) have been
evaluated by Rosen. It can readily be seen from its series form that ¥ p(s)
has an infinite number of first-order poles along the negative real axis at
the points s = —~D,o3, n = 1, 2 . . . Except for these poles Yp(s) is
analytic throughout the s-plane. The essential singularities of Y{s) are
given by

ReYp(s) +1 =0

or using Equation (20), the singularities are s = — a;, where the o are
the roots of

Qa/)icot@afa)i+ /v—-1=0

Since the roots are real and positive, the corresponding singularities are
along the negative real axis. Because of the properties of Yr{s), it can
easily be shown that Y7{s) only have branch points for Re(s) < 0. In view
of these properties the function #(z, s} has the above mentioned sin-
gularities and in addition a simple pole ats = 0.

Following Rosen (1952), since #(z, s) is analytic for Re(s) = O except ats
= 0, we can take the path of integration to be along the imaginary axis
with a small semicircle I of radius € — 0 excluding the origin. Then

\%
u(z, thexp| — ) z} =
L

1 ~ie i ] 1
———lim [ f + f + f ]—
27ri o ~iw r +ie 1 8

exp(st — 2Yr{s))ds =1L, + L+ 13 (21)

To evaluate the integral around I' transform to polar coordinates and use
Y1(s)—>V/2D as |s|—> 0. Then it readily follows that for e— 0 the second
integral is

L= (— v ) 29)
2—~2—-6Xp 2DLZ {

The first and last integrals can be combined by making the substitution s
= — i{Band s = if3, respectively, and taking the limit. This gives

14 = Il + 13 =
1 (" ‘
1 f e alz, —if) + e iz, i8)] dB
2 0

where

iz, iB) = —i—lﬂ—exp[—zY;(iﬂ)]

For any complex quantity F we have F + F = 2 Re(F), where the bar
indicates the complex conjugate. Furthermore, since fi(z, s) is a Laplace
transform (z, 3} = #(z, s). Hence

L=+ f Rele™ iz, i) dB @3)

To proceed we have to evaluate Y7 ()

v - -
Vo, 8, %
4D% D, mD,
Y1) is given by Rosen (1952) as

Yi(if) =

YAiB) = y[H\(A, v) + iHa(A, ¥)] 24
with
- (B}
=B
14 = vR,
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Hy, + vH}, + HE,)
(1 + vHp, ? + (¥Hp,)?

H\v) =

Hp,
(1 + VHD1)2 + (VH02)2

Hg(x, V) =

Ho,(\) N ( sinh2A + sin2A ) _
b1 cosh2\ — cos2A
Hp) = A ( sinh2\ — sin2)\>
b2 - cosh2\ — cos2A
Accordingly
. \' tB
YHiB) = E + DL + m——[Hl()\ V) + iH3(\, V)]

The square-root is evaluated by writing the quantity under the square-

root sign on polar form
Y#iB) = Vr'(cos8 + i sinf)

7 Vx'? + y'?

]

where

8§ = arctan —
x
x = —Y—Hl
4D} mD,,
B Y
= —+ H
y DL mD,_ 2

Applying de Moivre’s theorem we get
0 6
YHiB) = r'} (cos ) + i sin -2—>

Using trigonometric formulas we find that

1t follows that

Y’r(iﬁ)=\/r;x +i\/r’;x, (25)

We are now ready to obtain
- 1
Rele*™ @iz, iB)] = Re {—E exp [iﬁt

—z(J”‘ﬂJ’ 2l

=Re{———exp [cos Bt —z

+ isin ﬂt—zﬂ x)]} —z r’-;-x’)

-——fexp Vr+x sm t-—z\fr;x)—dﬁE
(26)

From (21), (22) and (26) making the substitution 8 = oA* we finally
obtain

u(z, t) = C(z, t)/C,
=i + ifwexp( Vi _ z VEWE YO+ 2O )
2 mJe 2DL 2 |
) VE' R+ g (W= 5N dA
sm(a’)\zt -z ) _—
2 A
en
with
. v Y
'(N) = D + E_DTHI
2
Y0 = T+ ok,
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Hydrodesulfurization of Benzo[b]naphtho[2,3-d]thiophene
Catalyzed by Sulfided CoO-MoO;/y-Al;O3: The Reaction

Network

The need for clean-burning fuels and the depletion of petro-
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leum reserves are dictating the development of catalytic hy-
drodesulfurization processes for the heaviest petroleum frac-
tions and for coal-derived liquids. These feedstocks require
processing conditions much more severe than those used for
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